We consider the initial-boundary value problem for systems of quasilinear wave equations on domains of the form [0, T ] × Σ, where Σ is a compact manifold with smooth boundaries ∂Σ. By using an appropriate reduction to a first order symmetric hyperbolic system with maximal dissipative boundary conditions, well posedness of such problems is established for a large class of boundary conditions on ∂Σ. We show that our class of boundary conditions is sufficiently general to allow for a well posed formulation for different wave problems in the presence of constraints and artificial, nonreflecting boundaries, including Maxwell's equations in the Lorentz gauge and Einstein's gravitational equations in harmonic coordinates. Our results should also be useful for obtaining stable finite-difference discretizations for such problems.
I. INTRODUCTION AND MAIN RESULTS
Motivated in part by the numerical computation of spacetimes on a finite domain with artificial boundaries, the initial-boundary value problem (IBVP) in general relativity has started to receive a lot of attention during the last few years (see [1] for a review). A well posed IBVP for Einstein's vacuum field equations was formulated for the first time by Friedrich and Nagy [2] based on tetrad fields and the theory of quasilinear, symmetric hyperbolic systems with maximal dissipative boundary conditions [3, 4, 5] . More recently, Kreiss and Winicour [6] formulated a well posed IBVP for the harmonic gauge formulation of the Einstein vacuum equations which casts the field equations into a set of ten coupled quasilinear wave equations subject to four constraints. There are two key ideas behind the result of [6] . The first one is the realization that the wave equations, when viewed as first order pseudodifferential equations, has a non-characteristic boundary matrix. This allows application of the boundary value theory for such systems developed by Kreiss in the 1970's [7] . Second, the formulation of boundary conditions for the frozen coefficient form of the harmonic Einstein equations which ensure constraint propagation and satisfy the estimates required by the Kreiss theory. The well posedness of the system and the generalization to the quasilinear case can then be established using the theory of pseudodifferential operators (see, for instance, [8] ).
In a subsequent paper [9] , similar results were obtained via more mundane energy estimates which follow by integration by parts, without resort to the pseudodifferential calculus. For this, a non-standard energy norm is constructed which is based upon the choice of a particular time-like direction adapted to the boundary conditions being imposed. With respect to this energy the Kreiss-Winicour boundary conditions are maximally dissipative and so standard well posedness theorems apply even in the quasilinear case [5, 10] . Besides being a simpler proof, or at least a proof that can be followed completely by a reader not familiar with the pseudodifferential techniques, it implies similar results for the stability of finite difference approximations to Einstein's equations in the harmonic gauge. This follows from considering the semidiscrete system of ordinary differential equations in time obtained by substituting finite differences for spatial derivatives. If the semidiscrete system is stable, then for appropriate time discretizations the fully discrete system is guaranteed to be stable [11] . The stability of the semidiscrete system can be established by the use of finite difference operators satisfying summation by parts [12] , the counterpart of integration by parts, by mimicking the steps leading to the continuum energy estimate. A summation by parts algorithm for the harmonic Einstein IBVP was developed for homogeneous boundary conditions [13] and verified to be stable in numerical tests [14] . The results of [9] provide a means to prove stability in the inhomogeneous case.
In this paper we present a more general and geometric version of the foregoing results which applies to coupled systems of quasilinear wave equations with a certain class of boundary conditions. The well posedness of the resulting IBVP is established by reducing the wave system to first order symmetric hyperbolic equations subject to maximally dissipative boundary conditions. As we show, our class of boundary conditions is sufficiently flexible for obtaining well posed IBVP formulations for different models of isolated systems in physics, including the wave equation, Maxwell's equations and the Einstein field equations.
In what follows we present the main results.
A. Main theorem
Let T > 0, and denote by Σ a d-dimensional compact manifold with smooth boundaries ∂Σ. The type of system our results apply to is a set of quasilinear wave equations on M = [0, T ] × Σ coupled both by lower order terms and in the principal part, by a change in the characteristic directions via a metric which can depend on the local value of the fields involved. More precisely, let π : E → M be a vector bundle over M with fibre R N , let ∇ a be a fixed, given connection on E and let g ab = g ab (Φ) be a Lorentz metric on M with inverse g ab (Φ) which depends pointwise and smoothly on a set of fields Φ = {Φ A } A=1,2,...N parameterizing a local section of E. Our signature convention for g ab is (−, +, ..., +). We shall also assume that each time-slice Σ t = {t} × Σ is space-like and that the boundary T = [0, T ]×∂Σ is time-like with respect to g ab (Φ). In the following, we will refer to local sections in E as vector-valued functions over M . We will also assume the existence of a positive-definite fibre metric h AB on E. We consider a system of quasilinear wave equations of the form
where S A (Φ, ∇Φ) is a vector-valued function which depends pointwise and smoothly on its arguments. The wave system (1) is subject to the initial conditions
where Φ A 0 and Π A 0 are given vector-valued functions on Σ 0 , and where n b = n b (Φ) denotes the future-directed unit normal to Σ 0 with respect to g ab . In order to describe the boundary conditions, let T a = T a (p, Φ) be a future-directed vector field on T which is normalized with respect to g ab and let N a = N a (p, Φ) be the unit outward normal to T with respect to the metric g ab . We consider boundary conditions on T of the following form 1 :
where α = α(p, Φ) > 0 is a strictly positive, smooth function, 
for all vector-valued one-forms V A a on U, where here and in the following, e ab refers to the Euclidean metric e ab = g ab + 2T a T b which is defined for points on T .
The main result of this paper is: (1) , the initial condition (2) and the boundary condition (3) . Furthermore, the solution depends continuously on the initial and boundary data.
A common situation in which the condition (4) is automatically satisfied is given in the following Then, the condition (4) is satisfied on U.
Proof. (cf. The proof of the Liapunov stability theorem) In order to simplify the notation we use a matrix notation and writec a = Jc a J −1 . Let δ > 0, and define The proof of theorem 1 is given in sections II and III. In order to illustrate the ideas on a simpler example, we start in Sect. II with the wave equation on a fixed background metric g ab , and analyze the general case in Sect. III.
Since many physical systems can be described by systems of wave equations, theorem 1 should have many applications. In the following, we mention two such applications for the initial-boundary value formulation of isolated systems with constraints. The physical motivation for the choice of nonreflecting boundary conditions in these examples is described in detail in section IV.
B. Maxwell's equations in the Lorentz gauge
The first application describes an electromagnetic field on the manifold M = [0, T ] × Σ with a fixed background metric g ab and corresponding Levi-Civita connection ∇ a . As before, we assume that each time-slice Σ t = {t} × Σ is space-like and that the boundary T = [0, T ] × ∂Σ is time-like. In the Lorentz gauge C := ∇ b A b = 0, where A b denotes the 4-vector potential, Maxwell's equations assume the form of a system of wave equations,
where R ab denotes the Ricci tensor belonging to the metric g ab and J c is the four-current. (5) implies that the constraint variable C obeys the following equation
Therefore, the imposition of the boundary condition C| T = 0 and the satisfaction of the continuity equation ∇ c J c = 0 imply that any smooth enough solution of (5) with initial data satisfying
satisfies the constraint C = 0 on M since in this case the constraint propagation system (6) is homogeneous.
Asymptotically nonreflecting boundary conditions at T = [0, T ] × Σ, in the sense of IV, can be formulated by first introducing a null tetrad {K a , L a , Q a ,Q a } which is adapted to the boundary. Let T a be a future-directed time-like vector field tangent to T normalized such that g ab T a T b = −1, let N a denote the unit outward normal to T with respect to g ab and complete T a and N a to an orthonormal basis {T a , N a , V a , W a } of T p M at each point p ∈ T . Then, we define the null vectors
where i = √ −1. These vectors may be smoothly continued in a small region inside the domain, for example by parallel transport along the normal direction to the boundary. In this way, one obtains a local null basis of T M . Finally, let r denote the areal radius of the cross sections ∂Σ t . This function can also be continued in a small region inside the domain by parallel transporting ∂Σ t along the normal direction. The following boundary conditions are derived in section IV B 1
where q K and q Q are given real and complex scalars on T . The first condition is a gauge condition, the second condition controls the electromagnetic radiation through T and the third condition enforces the constraint
The evolution equation (5) has the form (1) where E is the tangent bundle over M , and the boundary conditions (7, 8, 9) have the form (3) with
where h ab = g ab −g ab denotes the difference between the dynamical and the background metric. With the condition (10), Einstein's field equations are equivalent to the wave system
whereR a bcd denotes the curvature tensor with respect tog ab , T ab the stress-energy tensor and G denotes Newton's constant. Solutions of this equation which are smooth enough imply that the constraint variable C a satisfies
Therefore, the imposition of the boundary condition C a | T = 0 implies that any smooth enough solution of (12) with initial data satisfying
satisfies the constraint C a = 0 on M provided the stress-energy tensor is divergence free, ∇ b T ab = 0. In order to formulate asymptotically nonreflecting boundary conditions we first construct an adapted local null tetrad {K a , L a , Q a ,Q a } and a radial function r as in the electromagnetic case. Notice that here these quantities are defined with respect to the dynamical metric g ab and not the background metricg ab . The boundary conditions derived in section IV C are the following:
1
where q KK and q QQ are real-valued given functions on T and q KQ and q QQ are complex-valued given functions on T .
The first three equations (14), (15), (16) are related to the gauge freedom, the condition (17) controls the gravitational radiation while the remaining conditions (18), (19), (20) enforce the constraint C a = 0 on the boundary. The evolution equation (12) has the form (1) where E is the vector bundle of symmetric, covariant tensor fields on M and the boundary conditions (14) (15) (16) (17) (18) (19) (20) have the form (3) where α = 1 and c a bc
de is in upper triangular form when expressed in terms of the basis
II. THE WAVE EQUATION ON A CURVED BACKGROUND
In this section we prove Theorem 1 for the case of a single wave equation
For simplicity, we also assume that g ab and S are independent of φ. In this case, it is convenient to choose ∇ a to be the Levi-Civita connection with respect to g ab . The IBVP consists in finding solutions of (21) subject to the initial conditions
where φ 0 and π 0 are given functions on Σ 0 , and the boundary conditions
where G is a given function on T . Here, n b and N b denote the future-directed unit vector field to the time-slices Σ t and the outward unit normal vector field to T , respectively, T b is an arbitrary future-directed time-like vector field which is tangent to the boundary surface T and α is a strictly positive function on T . Without loss of generality, we assume that T a is normalized such that g ab T a T b = −1. Furthermore, by redefining φ and S if necessary, we may also assume that the boundary data G vanishes identically.
In order to show well posedness for this problem, we use a geometric reduction to a first order symmetric hyperbolic system with maximal dissipative boundary conditions [3, 4, 17] . First, introducing the variables V a = ∇ a φ, the wave equation can be rewritten as the first order system
Next, we specify any future-directed time-like vector field u a and contract the first and the last equation with it. This yields the evolution system
where £ u denotes the Lie derivative with respect to u a . This system is subject to the initial and boundary conditions
where ι 0 : Σ 0 → M is the inclusion map, and subject to the constraint C a = 0, where the constraint variable C a is defined as C a = V a − ∇ a φ. The evolution equations (27) and (29) imply that C a is Lie-dragged by the time evolution vector field u a ,
In the following, we assume that u a is pointing away from the domain at the boundary. This implies that a solution of (27, 28, 29) with constraint-satisfying initial data automatically satisfies the constraints everywhere on M , and no extra boundary conditions are needed in order to ensure that the constraint C a = 0 propagates.
Still, there is a huge freedom in choosing the evolution vector field u a ; different choices lead to first order evolution systems (27, 28, 29) which are inequivalent to each other if the solution is off the constraint surface C a = 0. In this work we exploit this freedom in order to obtain energy estimates which allow for an appropriate control of the fields not only in the bulk but also on the boundary of the domain (see the estimate (36) below). In order to analyze this, following [17] we rewrite the evolution system (28, 29) in the form
where the symbol is given by A
bc is symmetric in bc and since u a A a bc = −u a u a g bc + 2u b u c is positive definite, the evolution system is symmetric hyperbolic. In particular, the evolution equations imply that
Integrating both sides of this equation over the manifold M = [0, T ] × Σ and using Gauss' theorem, one obtains
The following two conditions (see [4] ) guarantee that the IBVP (27, 28, 29, 30, 31 ) is well posed:
(ii) For each p ∈ T , the subspace
and that N − (p) does not posses a proper extension with this property.
For the following, we choose the time evolution vector field u a such that u a is everywhere future-directed and time-like on M and such that u a lies in the plane spanned by T a and N a at each point of the boundary, more specifically,
with 0 < δ < 1 a function on T . The following two lemmas imply the satisfaction of the conditions (i) and (ii) for an appropriate choice of δ.
Proof. Let h ab = g ab + n a n b be the induced metric on Σ t and expand u a = µ(n a +ū a ), where µ = −n a u a . Since u a is future-directed and time-like, µ > 0 andū aū a < 1. Therefore,
is positive definite.
Proof. (cf. appendix B in Ref. [9] ) Fix a point p ∈ T , and let
where
is the induced metric on the orthogonal complement of the plane spanned by T b and N b . Eliminating the terms (T b V b ) in the second square bracket on the right-hand side using the boundary condition (31) we obtain
The last term on the right-hand side is non-positive by the assumption of the lemma. Therefore, N a A a bc is negativedefinite on the subspace of vectors V a satisfying the boundary condition. Finally, we observe that N − (p) is maximal since its dimension is d = dim T p M − 1 while the symmetric bilinear form N a A a bc has signature (1, d).
If we relax the assumption of homogeneous boundary data and replace the condition (31) by the condition
we obtain, instead of (33),
Let 0 < ρ < 1 and set δ = (1 − ρ)α(1 + α 2 ) −1 . Then, we have (cf. appendix B in Ref. [9] )
Using this and the positivity of n a A a bc in the identity (32) we obtain the estimate
for all 0 ≤ t ≤ T , where C 1 , C 2 and C 3 are strictly positive constants which are independent of V b , and
Applying Gronwall's lemma 3 to the function y(t) :
There is a constant C = C(T ) ≥ 1 such that all smooth enough solutions to the IBVP (28, 29, 30, 34) satisfy the inequality
for all 0 ≤ t ≤ T , where
Since any solution of this problem also satisfies u
, and since u a points outward from the domain at T , the constraint C a = 0 is satisfied everywhere on M . From this and the previous lemma, we have established:
Theorem 2 The second order problem (21, 22, 23) a is chosen to be tangent to the boundary, the boundary matrix has a nontrivial kernel and one does not obtain an estimate for the gradient of φ on the boundary from the first order system. However, this does not affect the strong well posedness of the second order system which is independent of u a .
As
In this case, we have
with (β y ) 2 + (β z ) 2 < 1 and p := 1 − (β y ) 2 − (β z ) 2 , and the boundary condition (23) reduces to
where φ t := ∂ t φ etc. Choosing u a = p(T a + δN a ) with 0 < δ < 1 the energy norm for this problem reads
This is similar to the norm we used in Ref. [9] for obtaining an a priori energy estimates for the second order wave equation with boundary condition (37).
III. SYSTEMS OF WAVE EQUATIONS AND PROOF OF MAIN THEOREM
In order to show that the system (1,2,3) yields a well posed IBVP, we follow the arguments given in Sect. II and reduce it to a first order symmetric hyperbolic system with maximal dissipative boundary conditions. Let V a A := ∇ a Φ A , and let u a (p, Φ) denote a future-directed time-like vector field on M such that
with 0 < δ < 1 a function on T to be determined. Then (1) can be rewritten as the first order evolution system
where R A Bab denotes the curvature belonging to the connection ∇ a . At this point, we stress that the connection ∇ a is a fixed background connection on the vector bundle E, and not the Levi-Civita connection belonging to the metric g ab (Φ), so that R A Bab does not depend on Φ nor its derivatives. The system (38, 39, 40 ) is subject to the constraint
Eqs. (38, 40) imply that the constraint variable C b A is Lie-dragged by u a :
Therefore, any smooth enough solution of the first order problem (38, 39, 40) belonging to initial data with C b A = 0 satisfies the constraint C b A = 0 everywhere it is defined. The initial condition is
and the boundary condition (3) reads
In order to analyze the well posedness of the first order IBVP (38, 39, 40, 41, 42) we first linearize the system by replacing the coefficients g ab (Φ),
A B , respectively. Local in time well posedness for the original quasilinear system follows by iteration from the well posedness result for the linear system with enough differentiability 4 . Next, we use a partition of unity in order to localize the problem. With this, it is sufficient to consider a local trivialization ϕ : U ×R N → π −1 (U ) of E such thatŪ ⊂ M is compact and contains a portion U of the boundary T . Let ε > 0. According to the assumption there
satisfy the condition (4) for all vector-valued one-forms
, we can reformulate this condition by stating that
for all vector-valued one-forms V A a on U. The system (38, 39, 40) can be written in the form
where Λ > 0 is to be determined, A a bc = −u a g bc + 2δ
a (b u c) and
Let B(n a ; (Ψ, W ), (Φ, V )) denote the bilinear form belonging to the principal symbol of (44), that is, for an arbitrary one-form w a on M define
We have
and positive definite for w a = u a and w a = n a . Therefore, the system (44) is symmetric hyperbolic.
Proof. The symmetry property follows immediately from the symmetry of h AB (ε) and the symmetry of A a bc in bc. In order to check the positivity statements, let w a = u a , γ :
which is manifestly positive definite. The proof that B(n a ; (Φ, V ), (Φ, V )) is positive definite is similar to the proof of Lemma 2.
As in the previous section we obtain well posedness of the linearized system provided we can show that each boundary space
is maximal non-positive with respect to B(N a ; (Φ, V ), (Φ, V )). This is the statement of the next lemma.
Choose ε > 0 small enough such that κε < δ and
Proof. Let p ∈ U. We have, as in the proof of Lemma 3,
, and we may use this equation in order to eliminate the terms (T a V a A ) in the second bracket on the right-hand side of (45). This yields
where we have set δ := α(1 + α 2 ) −1 /2 and used the boundary estimate (35) with ρ = 1/2. Now,
where we have used the estimate (43) in the last step. Recalling that
ab and the definition of κ in the assumption of the lemma we find
The non-positivity of N − (p) now follows from the assumptions on ε and Λ. Finally, we observe that an element in
On the other hand, from Eq. (45) we see that the signature of B(N a ; ., .) is given by (N, (d + 1)N ) . Therefore, dim N − (p) = (d + 1)N and the maximality of N − (p) follows.
IV. BOUNDARY CONDITIONS FOR ISOLATED SYSTEMS
We consider here boundary conditions for an isolated system emitting radiation. If, for computational purposes, the evolution domain of such a system has a finite (artificial) boundary, some artificial boundary condition must be imposed. If one knew the correct boundary data for the analytic problem, then in principle one could use any boundary condition corresponding to a well posed IBVP. However, the determination of the correct boundary data is in general a global problem, in which the boundary data must be determined by extending the solution to infinity either by matching to an exterior (linearized or nonlinear) solution obtained by some other means. The matching approach has been reviewed elsewhere [19] . Here we consider an alternative approach in which homogeneous boundary data can be assigned in such a way that the accuracy of the boundary condition becomes exact in the limit that the boundary is extended to infinity. (Such boundary conditions would also be beneficial to the matching approach because the corresponding boundary data would be small so that numerical or other error would also have a small effect.) Artificial boundary conditions for an isolated radiating system for which homogeneous data is approximately valid are commonly called absorbing boundary conditions (see e.g. [20, 21, 22, 23, 24, 25] ), or nonreflecting boundary conditions (see e.g. [26, 27, 28] ) or radiation boundary conditions (see e.g. [29] ). Such boundary conditions are advantageous for computational use. However, local artificial boundary condition are not perfectly nonreflecting in general. Here, to be more precise, we consider nonreflecting boundary conditions in the sense of boundary conditions for a well posed problem for which homogeneous data produces no spurious reflection in the limit that the boundary approaches an infinite sphere. The extensive literature on improved versions of nonreflecting boundary conditions involves higher order and nonlocal methods. Our interest here is to investigate the optimal choice of local first order homogeneous boundary conditions on a spherical boundary for the constrained Maxwell and linearized Einstein problems expressed in terms of the gauge dependent variables A µ and γ µν . See [30, 31, 32] for the construction of higher-order and higher-accurate boundary conditions for Einstein's equations.
We base our discussion on waves from an isolated system satisfying a system of flat space wave equations. We use Greek indices to denote standard inertial coordinates x µ = (t, x, y, z) in which the components of the Minkowski metric η µν are diag(−1, 1, 1, 1). In the case of a scalar field Φ, we thus consider the wave equation
where the source S has compact support. Outside the source, we assume that the solution has the form
where (r, θ, φ) are standard spherical coordinates and f , g and h and their derivatives are smooth bounded functions. These assumptions determine the exterior retarded field of a system emitting outgoing radiation. The simplest case is the monopole radiation Φ = f (t − r) r which satisfies (∂ t + ∂ r )(rΦ) = 0. This motivates the use of a Sommerfeld condition
on a finite boundary r = R.
The resulting Sommerfeld boundary data q in the general case (47) falls off as 1/R 3 , so that a homogeneous Sommerfeld condition introduces an error which is vanishingly small for increasing R. As an example, for the dipole solution
A homogeneous Sommerfeld condition at r = R would lead to a solutionΦ Dipole containing a reflected ingoing wave. For large R,Φ
where ∂ t f (t) = F (t) and the reflection coefficient has asymptotic behavior κ = O(1/R 2 ). More precisely, the Fourier modeΦ
satisfies the homogeneous boundary condition (∂ t + ∂ r )(rΦ Dipole (ω)| R = 0 with reflection coefficient
Note that (59) and (62) satisfy
In the case of a system of equations κ will have N components corresponding to the number of modes generated in the reflected wave. The boundary conditions lead to a system of simultaneous equations relating κ to the components of the Sommerfeld data q. If these equations are nondegenerate then (49) continues to hold. However, degeneracies could conceivably lead to weaker asymptotic falloff of κ. (It would be interesting to determine whether such cases exist.) In any case, (49) gives the optimum allowable behavior of the reflection coefficients so that the asymptotic behavior of the Sommerfeld data q is a good indicator of the quality of the boundary condition. This forms the basis of our investigation of the Maxwell and linearized Einstein equations with a spherical boundary in sections IV B and IV C.
A. A plane boundary
The key ideas in the above example are that (i) the Sommerfeld condition is only satisfied exactly by waves traveling in the radial direction and (ii) in the asymptotic limit r → ∞ all waves from an isolated system propagate in the radial direction. This allows us to reformulate our discussion of the Sommerfeld condition by considering a wave Φ propagating in the domain x < 0, which is incident on a plane boundary at x = 0 with the boundary condition
where K α ∂ α = ∂ t + ∂ x is the characteristic direction determined by the outward normal to the boundary ∂ x and the time direction ∂ t . This homogeneous condition is satisfied for plane waves Φ = G(t + k x x + k y y + k z z) incident on the boundary only for the single case (k x , k y , k z ) = (1, 0, 0), i.e. a plane wave propagating in the outgoing normal direction. Plane waves in the normal direction pass through the boundary whereas plane waves incident in other directions on the boundary give rise to a reflected wave. We will take advantage of this simplification of the plane wave case in discussing boundary conditions for electromagnetic and gravitational waves. The results then suggest how to formulate boundary conditions for an isolated electromagnetic or gravitational system with a spherical boundary of radius R, where in the limit R → ∞ all radiation is incident normally.
For the electromagnetic case, we describe the field by means of a vector potential A µ satisfying the Lorentz gauge condition. Maxwell's equations in a flat spacetime with Minkowski metric η µν then reduce to the wave equations
subject to the constraint
introduced by the Lorentz gauge condition. This constraint keeps us from requiring that each component of A µ satisfy a homogeneous Sommerfeld condition, in contrast to the scalar example. The electromagnetic case also differs from the scalar case because of the remaining gauge freedom allowed by the Lorentz condition.
An electromagnetic plane wave incident in the outgoing normal direction can be described by the real part of the vector potential
aligned with the coordinate axes satisfying
In order to formulate a gauge invariant boundary condition we consider the corresponding electromagnetic field tensor
Here we adopt the notation ∂ u F (u) = F ′ (u). For this plane wave, all components of F µν satisfy
However, this condition rules out the possibility of a static electric field oriented normal to the boundary. For the purpose of formulating a boundary condition which only restricts propagating waves it suffices to consider the weaker condition
In terms of the electric and magnetic field components tangential to the boundary, (50) corresponds to the plane wave relations E tan · B tan = 0 and |E tan | = |B tan |, with the corresponding Poynting vector in the outward normal direction. We can incorporate (50) into the following homogeneous Sommerfeld boundary conditions for the vector potential:
The remaining boundary condition can be expressed in Sommerfeld form by rewriting the constraint as
form a null tetrad according to the conventions
We assume throughout the following that the spin transformation freedom Q µ → e iα Q µ has been restricted according to K µ ∂ µ α = 0. The Sommerfeld boundary conditions (51), (52) and (53) have the required hierarchical, upper triangular form for a well posed IBVP, see Lemma 1.
For the purpose of extending this approach to the gravitational case, we write the linearized Einstein vacuum equations in the form
subject to the harmonic constraints
Here, to linearized accuracy, we set √ −gg µν = η µν + γ µν so that γ µν represents the perturbation of the densitized metric. (Indices of linearized objects are raised and lowered with the Minkowski metric.)
A plane gravitational wave incident on the boundary in the outgoing normal direction is given by
where ξ ν (t − x) describes the gauge freedom. In order to formulate a boundary condition with gauge invariant meaning analogous to (50) in the Maxwell case, we consider the linearized curvature tensor
Plane wave boundary conditions on the curvature tensor could be imposed by requiring that the Newman-Penrose
for a discussion of the appropriateness of this boundary condition.) However, this requirement involves second derivatives in the normal direction when expressed in terms of γ µν . Instead, we require Ψ : 
Thus, besides containing no second derivatives normal to the boundary, the condition Ψ = 0 can be reduced to two first order conditions by factoring out the Q ν ∂ ν and T σ ∂ σ derivatives in (58) which are tangential to the boundary. There are many ways this can be done. In order to obtain first order conditions which fit into a hierarchy of Sommerfeld conditions, we modify (58) according to the steps
Thus since the derivatives Q ν ∂ ν and T ν ∂ ν are tangential to the boundary, we can enforce Ψ = 0 on the boundary through the first order boundary conditions
These two boundary conditions can then be included in a hierarchical set of Sommerfeld boundary conditions, according to the example
The constraints C ρ = 0, which determine the remaining boundary conditions, can be cast in the Sommerfeld form
which can also be incorporated into the hierarchy. However, there are many alternative possibilities to (64) -(67) which preserve the hierarchical Sommerfeld structure and lead to a well posed IBVP. In the absence of a clear geometric approach, we next examine the boundary conditions appropriate to an isolated system by considering the resulting reflection off a spherical boundary.
B. Application to Maxwell fields with a spherical boundary
In the case of a general retarded solution for a massless scalar wave equation, we found that a Sommerfeld boundary condition on a spherical boundary of radius R required data q = O(1/R 3 ). Homogeneous Sommerfeld data gave rise to an ingoing wave with reflection coefficient κ = O(1/R 2 ), as in (48). This is the best that can be achieved with a local first order homogeneous boundary condition on a spherical boundary. We now investigate the corresponding result for the constrained Maxwell equations expressed in terms of a vector potential A µ . In doing so, we associate spherical coordinates (r, x A ), x A = (θ, φ), in a standard way with the Cartesian coordinates x i = (x, y, z), e.g. z = r cos θ. As in (54) we introduce a null tetrad (K µ , L µ , Q µ ) adapted to the boundary, where now
and we fix the spin-rotation freedom in the complex null vector vector Q µ = (0, Q i ) by setting
We describe outgoing waves in terms of the retarded time u = t − r. In order to investigate the vector potential describing the exterior radiation field emitted by an isolated system we introduce a Hertz potential with the symmetry
Then the vector potential
satisfies the Lorentz gauge condition and generates a solution of Maxwell's equations provided the Hertz potential satisfies the wave equation. The trace H represents pure gauge freedom. We consider outgoing dipole waves oriented with the z-axis. Other dipole waves can be generated by a rotation. Higher multipole waves can be generated by taking spatial derivatives.
The choice
r , H [µν] = 0 gives rise to the dipole gauge wave
with components
In appendix A we give some useful formulae underlying the calculation leading to (69) and the following results.
gives rise to a dipole electromagnetic wave
gives rise to a dipole electromagnetic wave with the dual polarization
We wish to formulate boundary conditions which generalize the Sommerfeld hierarchy (51) and (52) to a spherical boundary of radius R in a way which minimizes reflection. By inspection of (69), (70) and (71), we consider the choice
chosen to minimize the asymptotic behavior of the Sommerfeld data. As before, the constraint determines the remaining boundary condition as part of the Sommerfeld hierarchy. For the dipole gauge wave (69),
for the dipole electromagnetic wave (70),
R 3 sin θ; and for the dual dipole electromagnetic wave (71)
Overall this implies q K = O(1/R 4 ) and q Q = O(1/R 3 ). We have checked that homogeneous Sommerfeld data leads to reflection coefficients with overall behavior κ = O(1/R 2 ) in accordance with (49). Note that the relations (A1) and (A8) allow us to express (72) and (73) in the form
which correspond to (7) and (8) when ∂ µ is generalized to the connection ∇ a in a curved space background. Here (75) is equivalent to the gauge invariant condition
C. Application to linearized gravitational fields with a spherical boundary
The gravitational case is more complicated than the electromagnetic case because the geometry of the boundary is coupled with the boundary condition. Additionally, there are no gauge invariant quantities, analogous to (76) in the electromagnetic case, on which to base first order boundary conditions. We begin with a discussion of how to adapt to a curved boundary the first order version of the Ψ boundary condition given in Sect. IV A for a plane boundary.
In the nonlinear treatment of a curved boundary with unit outer normal N a we can decompose the metric according to
where τ ab is the metric intrinsic to the time-like boundary. Let D a denote the covariant derivative associated with τ ab . The extrinsic curvature of the boundary is
We complete an orthonormal basis by setting
in terms of a time-like vector T a and complex null vector Q a tangent to the boundary. We decompose Ψ :
When the vacuum Einstein equations are satisfied the Riemann curvature tensor may be replaced by the Weyl tensor whose symmetry implies Ψ T N = 0. Therefore, in this case, Ψ = 0 implies the vanishing of the Newman-Penrose Weyl component Ψ 0 = 0. A short calculation gives the embedding formulae
where (3) R abcd is the intrinsic curvature to the boundary, i.e.
(These are the embedding equations for the Cauchy problem corrected for the space-like character of the normal to the boundary.) We now apply these results to a spherical boundary r = R in linearized theory off a Minkowski background, i.e g µν = η µν +ǫh µν in standard inertial coordinates x µ , where ǫ is the linearization parameter. We choose T µ = ∂ µ t+O(ǫ) and N µ = ∂ µ r + O(ǫ). Then D µ T ν = O(ǫ) and N µν = R −1 Q µν + O(ǫ), where Q µν = Q (µQν) is the metric of a 2-sphere of radius R. We choose the basis to satisfy T µ D µ T ν = 0 and T µ D µ Q ν = 0, so that
and
Thus the boundary conditions
However, for the gravitational quadrupole wave (85), this leads to q KQ ∼ f ′′ (u)/R 2 and so it results in much stronger reflection than the first two choices. Thus, as might have been anticipated by the discussion following (81), the first order version of the Ψ boundary condition is not as effective as (94)-(91) in the case of a spherical boundary.
V. CONCLUSION
We have considered the IBVP for a coupled system of quasilinear wave equations and established (local in time) well posedness for a large class of boundary conditions. In particular, this allows for the formulation of a well posed IBVP for quasilinear wave systems in the presence of constraints on finite domains with artificial, nonreflecting boundaries. Therefore, we anticipate that our results will have application to a wide range of problems in computational physics. Furthermore, since our proof is based on a reduction to a symmetric hyperbolic system with maximal dissipative boundary conditions, it also lays the path for constructing stable finite difference discretizations for such systems.
Our work has been motivated by the importance of the computation of gravitational waves from the inspiral and merger of binary black holes, which has enjoyed some recent success [36, 37, 38, 39, 40] . At present, however, none of the simulations of the binary black hole problem have been based upon a well posed IBVP. The closest example is the harmonic approach of the Caltech-Cornell group [41, 42, 43] which incorporates the freezing Ψ 0 boundary condition in second order form and has been shown to be well posed in the generalized sense in the high frequency limit [15] .
Our results have potential application to improving the binary black hole simulations. However, many of these simulations are carried out using the BSSN formulation [44, 45] of Einstein's equations, which differs appreciably from the harmonic formulation considered here. Although our results constitute a complete analytic treatment of the IBVP for the harmonic formulation of Einstein's equations, the extension to the BSSN formulation is not immediately evident. For this purpose, it would be useful to reformulate the boundary data for the harmonic problem in terms of the intrinsic geometry and extrinsic curvature of the boundary, as has been done for the initial data for the Cauchy problem. Such a geometric reformulation remains an outstanding problem.
